We drastically simplify the problem of linearizing a general higher-order theory of gravity. We reduce it to the evaluation of its Lagrangian on a particular Riemann tensor depending on two parameters, and the computation of two derivatives with respect to one of those parameters. We use our method to construct a D-dimensional cubic theory of gravity which satisfies the following properties: 1) it shares the spectrum of Einstein gravity, i.e., it only propagates a transverse and massless graviton on a maximally symmetric background; 2) the relative coefficients of the different curvature invariants involved are the same in all dimensions; 3) it is neither trivial nor topological in four dimensions. Up to cubic order in curvature, the only previously known theories satisfying the first two requirements are the Lovelock ones: Einstein gravity, Gauss-Bonnet and cubic-Lovelock. Of course, the last two theories fail to satisfy requirement 3 as they are, respectively, topological and trivial in four dimensions. We show that, up to cubic order, there exists only one additional theory satisfying requirements 1 and 2. Interestingly, this theory is, along with Einstein gravity, the only theory which also satisfies 3.
Higher-order gravities play a prominent role in different areas of high-energy physics. In cosmology, they have been countlessly considered in the search for a coherent picture of the history of the universe which can account for the observational evidence currently associated to early-time inflation, late-time acceleration or dark matter -see e.g., [1] [2] [3] [4] . In holography [5] [6] [7] , they are often used to study different aspects of strongly coupled conformal field theories (CFTs) and, in some occasions, they have been crucial in unveiling certain universal properties of general CFTs -see e.g., [8] [9] [10] [11] [12] [13] . In fact, holography itself has motivated the construction of new higher-derivative theories like quasi-topological (QT) gravity [14] [15] [16] .
More broadly, higher-order corrections to the EinsteinHilbert term should be produced in the gravitational effective action by the corresponding underlying ultraviolet-complete theory -presumably String Theory [17] [18] [19] . A more practical approach in this direction consists in considering certain classes of higher-order gravities as quantum gravity toy models [20, 21] . Popular examples of this are topologically massive gravity [22] and new massive gravity [23] in three dimensions, and critical gravity in four [24] .
A particularly relevant aspect of a given higher-order gravity is its linearized spectrum, i.e., the set of physical degrees of freedom propagated by metric perturbations on the vacuum. For example, in the context of holography, the linearized equations of a given higher-order gravity provide useful information about the corresponding holographic CFT stress-tensors, since these are dual to the metric perturbation -see e.g., [9, 12, 25, 26] .
As we will see, there are certain higher-order gravities which are equivalent to Einstein gravity at the linearized level in the vacuum, i.e., the only physical mode propagated by the metric perturbation is a transverse and massless graviton. Some known examples include QT gravity [14] , and certain f(Lovelock) theories [27, 28] . However, most of these theories have the inconvenience that the couplings of the different curvature invariants depend on the spacetime dimension D. Hence, they are actually different theories in different dimensions. The only known theories with dimension-independent couplings which share spectrum with Einstein gravity are Lovelock theories [29] [30] [31] .
We will show that, up to cubic order in curvature, there is one only additional theory which satisfies this criterium. Furthermore, as opposed to the quadratic and cubic Lovelock ones, this theory is non-trivial in four dimensions.
In the construction of this Einsteinian cubic gravity, we make use of a new method for linearizing general higherorder gravities which we also present here. We will argue that this method is much faster than all the previous procedures available in the literature.
Linearization procedure: Let us consider a general D-dimensional theory of gravity involving arbitrary contractions of the Riemann tensor and the metric, i.e.,
The field equations of this theory can be written as
where we defined P µνσρ ≡ [∂L/∂R µνσρ ] | g αβ . Our aim is to linearize the equations (2) around a maximally symmetric spacetime (m.s.s.) (M,ḡ µν ) with Riemann tensorR µναβ = 2Λḡ µ[αḡβ]ν . Hence, we consider a metric of the form g µν =ḡ µν + h µν , where h µν ≪ 1 for all µ, ν = 0, . . . , D − 1. The goal is now to expand the field equations (2) to linear order in the perturbation h µν and its derivatives. In the process, it is convenient to definē L ≡ L B and the objects
where B denotes evaluation on the background. Now, the explicit form of tensorsP µαβν andC µαβν σρλη depends on the particular Lagrangian L under consideration. However, sinceP µαβν andC µαβν σρλη are defined on a m.s.s., they can only contain terms involving products and contractions of the metricḡ µν , its inverseḡ µµ and δ ν µ . Besides, as it is evident from their definitions (3), they inherit the symmetries of the Riemann tensors involved in such definitions. These constrains are so strong thatP µαβν and C µαβν σρλη must be necessarily given bȳ
where the only theory-dependent quantities are the constants a, b, c and e. Interestingly, these constants fully characterize the linearized equations of any theory of the form (1) . Imposing the background metricḡ µν to be a solution of the field equations (2) gives rise to a relation between the constant e introduced in (4), the background scale Λ, and all the other possible couplings present in the general higher-order Lagrangian. It readsL(Λ) = 4e(D − 1)Λ. Using the chain rule and equations (4) one can obtain another relation involving e and Λ, namely dL(Λ)/dΛ = 2eD(D − 1). These two equations together give rise to the beautiful expression
This is the relation between the scales and couplings appearing in the higher-derivative Lagrangian (1) and the background curvature Λ which must be satisfied in order forḡ µν to be a solution of (2). The information gathered so far is all what we need in order to linearize (2) . After a remarkably long computation, we obtain the following result for the linearized equations of (1)
where the linearized Einstein tensor, Ricci tensor and Ricci scalar read, respectively
The problem is now that obtaining the values of a, b, c and e for a given theory using (3) and (4) is a rather tedious task in general, which involves computing first and second derivatives of the Lagrangian with respect to the Riemann tensor. However, these parameters can actually be computed in a much simpler way for any theory. Let us leave for the moment the framework of linearized gravity and consider an auxiliary symmetric tensor k µν whose indices -as usual -are raised with the inverse metric g µν , and which by definition satisfies the following properties
Here, χ is an arbitrary integer number smaller than D that can be fixed at will, but which we will just leave undetermined throughout the calculation. Now let us define the following "Riemann tensor"
where Λ and α are two parameters. Observe that whilẽ R µνσρ (Λ, α) has the right symmetries of a Riemann tensor, it is not -or rather, it does not need to be -the Riemann tensor of any actual metric in general. Note nevertheless that when α = 0,R µνσρ (Λ, α) reduces to the Riemann tensor of a m.s.s. of curvature Λ. The next step is to evaluate our higher-derivative Lagrangian (1) onR µνσρ (Λ, α), i.e., we substitute all Riemann tensors appearing in L by the object defined in (11) . This gives rise to a function of Λ and α,
Note that in this evaluation, indices are still raised and lowered with g µν , and not with some combination of g µν and k µν . Now, it turns out that a, b, c and e can all be read off from partial derivatives of L(Λ, α) with respect to α and evaluated at α = 0. Such partial derivatives are of course trivial to compute. Indeed, using the chain rule along with equations (3) and (4), we find that the following equations are satisfied for any theory,
The crucial observation is that a, b, c and e do not depend on χ. Hence, since these constants appear multiplied by factors involving different combinations of χ, the above expressions allow us to identify them immediately for a given theory. Once we evaluate L(Λ, α), we just need to compute the two partial derivatives above and compare the resulting expressions with the RHS of (13) and (14) in order to obtain a, b, c and e. We have verified that our linearization procedure correctly accounts for all the results available in the literature corresponding to: quadratic gravities [24, [32] [33] [34] [35] , general f (Lovelock) theories [27] and QT gravity [14, 15] .
Our method is remarkably simpler than computinḡ P µνρσ andC µναβ ληστ explicitly using their definitions (3). The hardest part of the calculation is the evaluation of the function L(Λ, α), which exclusively involves trivial contractions of g µν and k µν and which, in the sense we have just explained, contains all the information necessary for the linearization of any theory of the form (1) on a m.s.s..
Physical modes: In order to identify the physical degrees of freedom propagated by the metric perturbation in a general theory of the form (1), we further simplify the linearized equations (6) by imposing the transverse gauge condition,∇ µ h µν =∇ ν h. A careful analysis suggests the following decomposition of the metric perturbation [36] ,
where m 2 s will be defined in a moment. It is now possible to show that the traceless tensors t µν , and the trace h satisfy, respectively,
where κ eff , m 
Notice also that we have made explicit the overall coefficients which would appear in the LHS of equations (16) had we coupled the theory to matter. In that case, an effective stress-tensor would appear in the RHS of equations (16) [37] . From (16) , it is clear that t
µν is the usual massless graviton. h is in turn a scalar field of mass m s .
Finally, t (M)
µν is a spin-2 field of mass m g whose coupling to matter would have the wrong sign, which is a manifestation of its ghost-like behavior. Also, κ eff = 8πG eff is the effective Einstein constant of the theory. Using (17)-(19), we can obtain the relevant physical parameters in terms of the constants characterizing a given theory as explained in the previous section.
There exist different special classes of theories depending on the values of m s and m g -see e.g., [33, 34] for previous classifications. For example, if we demand |m 2 g | = +∞, the massive graviton is absent, and the theory has a chance to be unitary. The family of f (Lovelock) gravities [27] is the prototypical example of this classincluding f (R) [12] , R 2 [33, 38] , etc. If we set |m 2 s | = +∞ instead, the scalar disappears and we are left with the two spin-2 fields. This is the case, e.g., of quadratic conformal gravity [24, 39] . Within this class, we can further impose m 2 g = 0, which leads to theories with two zero-energy gravitons. These are usually referred to as critical gravities [24] . The case of theories with |m 2 g | = |m 2 s | = +∞ will be treated in a moment.
Linearization of cubic gravities: Let us now apply our linearization procedure to a general D-dimensional cubic gravity. The Lagrangian of such a theory can be written as
In this expression, κ ≡ 8πG and Λ 0 are the Einstein and cosmological constants respectively, α i and β i dimensionless parameters, and L (2) and L (3) are complete sets of quadratic and cubic invariants, which we choose to be
Following the linearization procedure explained in the first section, we obtain:
Plugging these values in (6), we obtain the linearized equations of the general cubic theory (20) .
Einsteinian cubic gravity: The theories which only propagate a massless graviton on the vacuum are those for which the additional modes are infinitely heavy, i.e., those for which |m 2 g | = |m 2 s | = +∞. These conditions translate into 2a + c = 4b + c = 0. At quadratic order, they impose α 1 = α 3 = −α 2 /4. Hence, the only quadratic theory whose spectrum coincides with that of Einstein gravity is nothing but Gauss-Bonnet,
For the cubic case, the two constraints would leave us with six independent parameters. Hence, there exists a six-parameter family of cubic theories whose spectrum is identical to that of Einstein gravity. Note however that most of those theories will be such that the values of the couplings β i will change with the spacetime dimension. Hence, they are actually different theories in different dimensions. This is the case, for example, of QT gravity [14, 15] and of certain f (Lovelock) theories [27, 28] .
Another aspect to be considered is the following. Consider a theory with dimension-dependent couplings µ(D) which only propagates the usual graviton in (A)dS D , for some D. If, in the same number of dimensions, we linearize its equations on (A)dS D ′ ×R D−D ′ instead and consider configurations constant on the transverse factor, the equations will actually be identical to the ones that we would find for the theory -with the same µ(D) couplings -in D ′ dimensions. But these will in general involve the spin-2 ghost field. Of course, this problem does not occur if the theory is the same in all dimensions.
Interestingly, if we demand the parameters β i to be independent of D, the number of constraints is six instead of two. This is because both 2a + c and 4b + c are polynomials of order D 2 , so we need to impose that the coefficients of the terms proportional to D 0 , D and D 2 vanish independently. This leaves us with a two-parameter family of theories. In particular, we find
where γ and ζ are the free parameters. Now we have the freedom to choose a basis of two cubic invariants satisfying the above constraints. The first element is somewhat canonical, and corresponds to the dimensionallyextended Euler density X 6 , which one finds for γ = −8ζ. Any other choice produces another invariant. A particularly simple one corresponds to setting γ = 12, ζ = 0, for which we get the following cubic term:
Hence, we find that the most general theory of the form (20) possessing dimension-independent couplings which shares spectrum with Einstein gravity reads
where X 4 and X 6 are the quadratic and cubic Lovelock terms respectively [40] . The linearized equations of (23) are almost identical to those of Einstein gravity, namely
the only signature of the higher-derivative theories being an effective Einstein constant given by κ −1
. Observe that if we restrict ourselves to four dimensions, X 6 = 0 identically, and X 4 is topological. However, P is neither trivial nor topological in D = 4. In fact, the embedding equation on a maximally symmetric spacetime (5) for this theory reads
As we can see, P contributes to this equation in all spacetime dimensions but D = 3 and D = 6. [41] . Similarly, the effective Einstein constant reads κ
which, once the vacuum has been determined using (25) , can be rewritten as κ
. The unitarity of the theory requires κ eff to be positive, which in particular implies that the energy of the massless graviton is positive: E = κ E /κ eff · E E > 0, where the label E stands for Einstein gravity [24] . Using this condition, we observe that the allowed vacua are constrained to satisfy 0
For D < 6, this puts a bound on the coupling value,
). If this is satisfied, then there is always at least one stable vacuum. If, in addition, λ > 0, it follows from (25) that this is unique.
Conclusions: We have notably simplified the problem of linearizing a general higher-order gravity of the form (1) on a m.s.s.. Our method only involves the evaluation of the gravitational Lagrangian on a particular Riemann tensorR µνρσ (Λ, α) -defined in terms of two parameters in (11) -and of two derivatives of the resulting function with respect to one of the parameters. Previous methods ranged from the brute-force linearization of the corresponding full non-linear equations, to more refined techniques -see e.g., [33, 34, 42] -which incorporated decompositions analogous to the one performed in (4), but which still relied on the tedious computation of first and second derivatives of the Lagrangian with respect to the Riemann tensor.
We have shown that, up to cubic order in curvature, there are only two theories with dimension-independent couplings which propagate a transverse, massless and positive-energy graviton on a m.s.s. and which are nontrivial in four dimensions. The first is of course Einstein gravity, and the second -which we have coined Einsteinian cubic gravity -is given in (22) . For positive values of the coupling constant λ, this theory has a unique vacuum.
There are of course many aspects of the theory that have not been covered here and which should be studied elsewhere. For example, preliminary results suggest that it admits spherically symmetric black hole solutions of the form ds 2 = −f (r)dt 2 + dr 2 /g(r) + r 2 dΩ 2 D−2 , where f (r) = g(r), i.e., characterized by a single function.
We would also like to explore holographic applications -e.g., along the lines of [16, 26] . For example, one of the three charges -t 2 , t 4 , C T [26, 43] -characterizing the dual CFT stress-tensor 3-point function vanishes for all holographic Lovelock theories, namely t Lovelock 4 = 0. This partially motivated the construction of QT gravity [14] , for which t 4 is non-vanishing [16] , allowing for a D ≥ 5 holographic model in which the three independent charges of the dual theory can be written in terms of three independent bulk quantities. In D = 4 there are only two charges, as t 2 = 0 for all CFT 3 theories. However, QT gravity and Gauss-Bonnet -for which t 2 = 0 in D ≥ 5 -are trivial in that case, and Einstein gravity can only account for C T . Hence, it would be interesting to explore whether our theory can produce the remaining charge, t 4 , in the AdS 4 case.
More generally, it would be very desirable to understand to what extent the analogy with Einstein gravity provided here extends to other aspects of the theory.
